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Skin effect in strongly inhomogeneous laser plasmas
with weakly anisotropic temperature distribution
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The absorption coefficient of an ultrashort, high-intensityS-polarized laser pulse is calculated for plasmas
with weakly anisotropic electron energy distribution functions and high gradients of electron density. In the
limiting cases of normal and anomalous skin depth effects, the plasma kinetic equation coupled to the Maxwell
equations can be solved analytically for different relations between the laser wavelength, the electron density
gradient scale length, and the skin depth. For anisotropic electron distribution functions, we obtained an
increase of the laser absorption coefficient for transverse to longitudinal electron temperature ratio greater than
one.@S1063-651X~98!00508-X#

PACS number~s!: 52.50.Jm, 52.40.Nk, 52.25.Dg
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I. INTRODUCTION

Since the development of the technique of chirped pu
amplification to build compact solid-state lasers@1#, investi-
gations of the interaction processes of ultrashorttp

,0.1 ps), high-intensity (Il2.1016 W/cm2 mm2) laser
pulses with solid targets have been performed intensiv
@2#. During the interaction, a dense (ne.1022 cm23), hot
('keV) plasma is produced by laser absorption at the s
face of the target; the laser deposition thickness is com
rable to the material skin depth (l s'10 nm). In previous
works @3,4#, the theory of the skin effect for such plasm
was developed within the approximation of an abrupt bou
ary between the plasma and vacuum. However, Yang and
collaborators showed recently in numerical simulations
considerable influence of plasma inhomogeneity on laser
sorption@5#. The plasma inhomogeneity always exists in
experiment because of the limited intensity contrast ratio
tween the main pulse and its amplified spontaneous emis
background. Then, the density inhomogeneity scale leng
L,l, wherel is the wavelength of laser radiation. As a
example, it has been early recognized experimentally@6# that
the presence of a weak prepulse boosts the x-ray conve
efficiency from solid target because the laser interacts
with the surface of the solid material but with a preform
plasma.

The theory of the skin effect in one-dimensional inhom
geneous plasma with an isotropic temperature distribu
was formulated for the first time in Ref.@7#. The present
work generalizes the theory of skin effect in one-dimensio
inhomogeneous plasma to the case of an anisotropic elec
distribution function and to the case of oblique incidence
an S-polarized laser wave. The magnetic field of the wa
that was not taken into account in Ref.@7#, will play an
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important role in the case of a plasma with an energy dis
bution anisotropy and oblique incidence. We consider
same regime of laser-plasma interaction as in Ref.@8# where
nonlinear effects play a negligible role. Accordingly, calc
lation of the skin effect will be performed within the frame
work of the perturbation theory. This limits the electric fie
strengthE in the plasma by the conditionvE5eE/mv,vT

5ATe /m, wherevE is the oscillation velocity of an electron
in the laser field,vT is the thermal velocity, andv the laser
frequency. Corresponding laser intensitiesIl2 are below
1017 W/cm2 mm2. In this paper, we consider mainly th
‘‘collisionless’’ mechanisms of absorption of a laser pulse
a strongly inhomogeneous plasma. These mechanisms
the anomalous skin effect~ASE! @3,4#, when the effective
collision frequencyn is less than laser frequencyv and the
ratio of thermal velocity to skin lengthvT / l s ; n!v!vT / l s ;
and the sheath inverse bremsstrahlung~SIB! @5# when n
!vT / l s!v. The condition on laser intensity for linear AS
to prevail @3# is vE,vT or (I /1012 W/cm2)<60(A/Z)@t/
~1 f s)] 2@l/(1 mm)#26 whereZ is the average charge of th
plasma and the condition for the pulse duration isL
,vT /v or t(fs),30(A/z)1/2l(mm). From these conditions
we see that ASE is important forI<1017 W/cm2, t<40 fs,
andl51 mm. For SIB, the conditions on laser intensity ca
be written as @5# I (1018 W/cm2)<(Z/10)7/3(ni /6
31022 cm3)5/3@l/(1 mm)#2/3 and l<0.5mm. To reach this
regime, it is necessary to use much shorter laser wavelen
than for ASE but the pulse duration can be of the order
100 fs.

We have a deformation of the electron distribution fun
tion during plasma heating by the laser pulse. In the spa
region close to the plasma-vacuum boundary the distribu
function differs from the Maxwellian one by a deficit of slo
particles@4#. In the case of ASE, the anisotropy of the las
heating in the skin layer can be explained by the fact t
electrons with low longitudinal~parallel to the laser wave
vector! velocities are accelerated in a direction parallel to
laser field so that their transverse energy can become m
larger than their longitudinal energy@9#. For the laser inten-
sities we consider, this anisotropy is not very large and ha
ic
2424 © 1998 The American Physical Society
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weak dependence on time@4#. Deeper into the plasma, at
distance from the boundary much larger than the elec
mean free path, the anisotropy in the electron distribut
function is reduced because of the increasing role played
electron-ion collisions.

It is well known that plasmas with temperature anisotro
are unstable@10#. Gain estimations shows that, in our case
is inversely proportional to the pulse duration for tempe
ture anisotropy parameterD5(T'2Ti)/Ti•.1. We con-
clude that for weak temperature anisotropy we can neg
this instability.

II. INITIAL SET OF EQUATIONS

We consider the oblique incidence~with an angleu with
respect to the normalOz of the target plane! of an
n
n
y

y
t
-

ct

S-polarized laser wave on a nonrelativistic plasma that
inhomogeneous along thez axis. It is more convenient to
perform calculations in the reference system moving with
velocity v/c5sinu along the plasma surface in the positiv
direction of thex axis @11#. The incidence is normal in this
reference frame. The field strengths areEy5Ey

(0) cosu; Bx

5B(0) cosu; v5v (0) cosu, where the index 0 stands fo
the values in the laboratory frame. The inhomogeneity of
plasma density in the direction of thez axis produces an
ambipolar fieldEz

a(0)52]w (0)/]z, deriving from the poten-
tial w (0), which acts on the plasma electrons from the side
the slowly moving ions. In the moving coordinate syste
this field Ez

a5Ez
a(0)/cosu52]w/]z causes an additiona

magnetic fieldBy5tanuEz
a(0) . As a result, the kinetic equa

tion for electrons has the following form:
e ions is
] f

]t
1vz

] f

]z
1S eEa~0!

cosu
1

e

c
vxtan uEa~0!D ] f

]pz
2

e

c
vztan uEa~0!

] f

]px
1v~ f 2 f M !

5H 2eEy
~0!cosu

]

]py
2

e

c
Bx

~0!cosuS vz

]

]py
2vy

]

]pz
D J f , ~1!

wheref is the electron distribution function,f M the equilibrium distribution function~for example a bi-Maxwellian!, andn the
electron-ion collision frequency~we consider a laser plasma with a mean ion chargeZ@1 so that the collision integral giving
n is well known!.

Electromagnetic fields in the moving system satisfy the Maxwell equations:

]Ey

]z
5

1

c

]Bx

]t
,

]Bx

]z
5

4p

c
j y1

1

c

]Ey

]t
,

]2w

]z2 524peF E f d3p2
ni

~0!~z!

cosu G , ~2!

whereni
(0)(z) is the profile of ion concentration in the laboratory system of coordinates. The functionni

(0)(z) is assumed to be
given and constant during the whole process of interaction, because the time scale of the hydrodynamic motion of th
much larger than the time durationtp of the laser pulse.

By means of a generalization of the method developed in Ref.@7#, we obtain the equation for the laser fieldEy :

d2Ey

dz2 1
v2

c2 Ey52
4p ive2

mc2 H E
z

`

dz8E
0

pz max
dpzW

21/2e2F~z8;z* ! 2 coshF~z;z* !@Ey~z8!1B̂1~z8!# f M~z8;pz!

1E
z max

z

dz8E
p1

pz max
W21/2e2F~z;z* !2@coshF~z8;z* !Ey~z8!2sinh F~z8;z* !B̂1~z8!# f M~z8,pz!

1E
z

`

dz8E
pz max

`

dpzW
21/2eF~z;z8!@Ey~z8!1B̂1~z8!# f M~z8;pz!1E

z max

z

dz8E
pz max

`

dpzW
21/2e2F~z;z8!

3@Ey~z8!2B̂1~z8!# f M~z8;pz!J , ~3!

where

W5
2 cos2u

m H pz
2

2m
1e cosu@w~z!2w~z8!#J ,
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B̂1~z!5
ipzcosu

mv

]Ey

]z

T'2Ti

Ti
, p15$2em cos3u@w~z8!2w~z!#%1/2.

F~z1 ;z2!5E
z1

z2
~2 iv1n!X21/2~z,z9!dz9,

X~z,z8!5
2 cosu

m H pz
2cosu

2m
1@ew~z!2ew~z8!#F11

px

mc
sin u cosuG J .
s
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The last two terms in Eq.~3! describe the current of particle
having energies in excess of the barrierewmax. The structure
of Eq. ~3! is too complex to get a general analytical solutio
Therefore, we will analyze it in a number of limiting case
First of all, consider a high potential barrierewmax@Ti so
that electrons cannot escape the plasma. Further simpli
tion can be performed with some approximations that
will consider in the following parts of the paper. To inves
gate the general solution of Eq.~3! in various limiting cases,
we will study the dependence of the absorption coefficien
a function of the scale of plasma inhomogeneityL. In Sec.
III, we will consider the case of homogeneous plasmas w
a sharp boundary when the scale length is less than a
layer. In Sec. IV, we will consider the case of inhomog
neous plasmas with weak and strong dispersion.

III. HOMOGENEOUS PLASMAS WITH SHARP PLASMA-
VACUUM BOUNDARY

Analytical calculation of the integrals in Eq.~3! is pos-
sible for a restricted number of potentialsw(z). First of all,
consider the well investigated case of an abrupt plas
boundary@3–5#. Solution of this case by the Fourier tran
form method withTi5T' was performed in@4,5#. In these
works, the variation of the absorption coefficienth with the
parametervc/vpvTi

has been calculated. The limitc/vp

@vT /v corresponds to the high frequency normal skin
fect, the so-called sheath inverse bremsstrahlung~SIB! @5#,
when the depth of the skin layerc/vp is much greater than
the scale of spatial dispersionvT /v. The opposite case
c/vp!vT /v corresponds to anomalous skin effect~ASE!
investigated in@3,4#. Generalization of the results of@4# and
@5# to the case of an anisotropic plasma with collisions giv
an absorption coefficient of

h5S c

8p
uE~2`!u2D 21 1

2
Re E

0

`

dz EW * ~z! jW~z!

512U~z cosu21!

~z cosu11!
U2

, ~4!
.
.

a-
e

s

h
in

-

a

-

s

where

z5
2ivTi

pc E
0

` dj

12~j3/a2!$Z~j!1D@1/j1Z~j!#%
, ~5!

and

Z~j!5exp@2~j1 id!2#H iAp erfc~dj!

22E
0

j

exp~ t1 idj!2dtJ , with d5n/v.

Figure 1 shows the variation of the laser absorption co
ficient with the skin depth effect parameter (cv/vpvT)2 and
anisotropy parameterD5(T'2Ti)/Ti . In this case, laser
absorption is caused by mainly Landau damping, asd
5n/v50.01. It is evident from Fig. 1 that plasma anisotro
causes an increase of the absorption coefficient forT'

.Ti @4#. Additionally, we can see that forD50, our results
are the same than the ones obtained in Ref.@5#.

IV. INHOMOGENEOUS PLASMAS

Now we consider the case of a smoothly inhomogene
plasma. One of the potentials that gives a possibility for
analytical calculation of the phasesF(z1 ;z2) is the linear
potential,ew cos2 u/Ti52z/L. It corresponds to an exponen
tial electron density gradient with a scale length of inhom
geneityLn5L/cosu. In this case, the problem has a physic
interpretation only forL@ l s , where l s is the depth of the
skin layer. Introducing the dimensionless coordinatej5z/L,
we obtain the following form for Eq.~3! with the linear
potential:
d2Ey

dj2 1k2Ey52
iA

Ap
E

2`

1`

dj8E
2`

1`

dtH (eiaAuj82jue2t
1eiaAuj82juet

)Ey(j8)1
i

2a
D

]Ey

]j8
Auj82ju(eiaAuj82jue2t

1sgn~j82j!eiaAuj82juet
…@et2sgn~j82j!e2t#J e~ uj82ju/2!cosh2te~3j82j!/2, ~6!
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where

A5
vvp

2L3

c2vTi

'
L3

l Sa
3 , k25

v2L2

c2 ,

a5
Lv~11 iv/v!

vTi

, vp
25

4pe2n~0!

m
.

The right side of Eq.~6! is the plasma current driven by th
electric field of the laser wave. Nonlocal dependence of
current from the field is connected with spatial dispersion
the inhomogeneous plasmas.

A. The limit of sheath inverse bremsstrahlung

Here we consider the solution of Eq.~6! in the limiting
casea@1 ~SIB! @12#. In this weak spatial dispersion cas
Eq. ~6! involves two considerably different scale lengths: t
small scale'vTi

/v and the large one;L. So, the variation
of density on the coordinatej can be taken into accoun
adiabatically, and Eq.~6! is reduced to an ordinary differen
tial equation for the field with an effective dielectric perm
tivity «(q;v):

d2Ey

dj2 1k2Ey1k2$«@q~v,j!;v#21%ejEy50. ~7!
he
fo
x-

io
s
le
d

on

d

m

is
f

The dielectric permitivity«(q,v) can be obtained by taking
the Fourier transform of Eq.~6! with respect to the smal
scale lengthvT /v:

«~q,v!>12
A

k2a
1

iAAp

2k2

1

Auqu
expH 2

a2

4uquJ . ~8!

The imaginary part of the dielectric permitivity is differen
from zero in the collisionless limit (n50) because of Lan-
dau damping. Below, because of the small value of Im« for
a@1, we will calculate the absorption within the perturb
tion theory.

The expression ofq(j;v) is obtained from the dispersio
equation

2q21k2S 12
Aej

k2a D50, ~9!

in which the smooth dependence on the reduced coordi
was taken into account.

The absorption coefficienth can be calculated as the rat
of the real part of the work performed by the field per unit
time per unit of plasma area to the Poynting vector of
wave incident on the plasma:
h5
*2`

` dj Ey
2~j!~AAp/2k!@1/Auq~j!u#exp$2a2/4uq~j!u%ej

Ey
2~j→2`!

. ~10!
nt

er-
lled
al

w,
a-
A solution of Eq.~7! decreasing atj→` can be found in
the form of a superposition of the incident wave with t
specified amplitude and the reflected wave. This gives
Eq. ~10!, using the saddle point method, the following e
pression:

h'&pA5/4a1/4exp~23a5/4A21/4!sinh~2pk!/k.
~10a!

So, in the SIB regime, at 0,L,c/vp , the absorption coef-
ficient can be taken from Eq.~5! and atL.c/vp from Eq.
~10!.

Because we have made the assumptiona@1, we can see
from Eq. ~10a! that we have a decrease of the absorpt
coefficient for increasingL. We can conclude that in plasma
with weak dispersion, we are in the limit of SIB at any sca
L. The absorption coefficient is maximum for sharp boun
aries and falls down for increasingL.

Figure 2~a! shows the variation of the laser absorpti
coefficienth with the scale of plasma inhomogenityL for
vp

2/v2520,vT /c50.1, in the conditions of SIB. The dashe
line is calculated with help of Eq.~10! and the results of PIC
simulations of Yang and co-authors are denoted by^ sym-
bols at the same parameters. We see a rather good agree
between the two sets of results forkL,0.2 and some differ-
r

n

-

ent

ences for largerkL that can be connected to the differe
electron density profiles used in the calculations.

B. The limit of anomalous skin effect

Now we will consider the case of strong spatial disp
sion, opposite to that of the previous section, the so-ca
anomalous skin effect~ASE!. In this case, the scale of spati
dispersionvT /v exceeds the scale of inhomogeneityL,
therefore in the general expression given in Eq.~3!, the
phasesF(z1 ;z2) are small and can be omitted.

In the case of the linear potential that we consider no
the parametera in Eq. ~6! becomes small, and the later equ
tion can be written in a simpler form:

d2Ey

dj2 1k2Ey52
iA

Ap

3E
2`

1`

dj8K0S uj2j8u
2 De~j2j8!/2ej8Ey~j8!.

~11!

The kernel of the integral in Eq.~11! K0(j2j8) is such that
it cuts integration overdj8 at j2j8'1 for j.j8 and at
j82j'1/a2 for j,j8. This conclusion follows from the
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consideration of the asymptotical behavior of the kernel.
ter that, by using the variablem5«21 and taking the de-
rivative of Eq. ~11!, it is easy to reduce this equation to
third order linear differential equation:

d3Ey

dm3 1k2
]Ey

]m
2

iA

Ap
CemEy~m!50, m5j21, ~12!

whereC is a numerical constant of the order unity.
After the change of variableem5x, Eq. ~12! is reduced to

the standard form of the equation for the generalized hyp
geometric function0F2 @14#. Using the asymptotical behav
ior of 0F2 at large values of modulus of the argument@14#,
we can find the following expression for the amplitude
flection coefficientR:

R5
11~vL/c!@2p/21 i ~ ln pA/&1g̃C̃!#

12~vL/c!@2p/21 i ~ ln pA/&1g̃C̃!#

'112
vL

c F2
p

2
1 i S ln

pA

&
1g̃C̃D G , ~13!

whereC̃50.577 is the Euler constant.
Similar calculations can be done for a potentialw(z) of

the form2ew(z)/Ti5 ln z/L5ln j, corresponding to a linea
variation of the electron plasma density. Introducing a n
variable x5 ln j and approximating the kernel, we aga
come to an equation of the hypergeometric type. In spite
the other expression ofEy(j), the absorption coefficient is
again proportional to the scale of the plasma inhomogene

We have plottedh(L) in Fig. 2~b!, denoted by a dotted
line, which was found with the help of Eq.~13! for
vp

2/v2560, vT /c50.1 to compare it with the results of@5#

FIG. 1. Variation of the absorption coefficient with the sk
depth parameter (vc/vpvT)2 for two values of the anisotropy pa
rameterD5T' /Ti21 andu50, n/v50.01.
-

r-

-

f

y.

~with the same physical parameters! denoted by symbols3.
Sincecv/vTvp51.3, we are in the intermediate region b
tween ASE and SIB. Even in this case, where our analyt
formula is not so good, we can see that we have rather g
agreement between the analytical and the numerical res
The comparison with the experimental results of Ref.@13#,
where the laser plasma parameters were close to our re
of ASE ~0.1,kL,0.3, I ,1018 W/cm2! show a rather good
agreement with our calculations sincehexpt5hcalc;0.07.

We now consider the solution of the field equation, taki

FIG. 2. Variation of the absorption coefficient as a function
the scale length of plasma inhomogeneity for an isotropic (D50)
and anisotropic (D50.5) distribution.~a! SIB regimevT /c50.1,
vp

2/v2520. The dashed line shows our results. The encirc
crosses~^! are the results of PIC simulations by Yanget al. ~b!
ASE regimevT /c50.1, vp

2/v2560. The dotted line and the solid
line show our results, the crosses~3! are the results of PIC simu
lations by Yanget al.
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into account the temperature anisotropy. At first, we cons
the case of@(T'2Ti)/Ti#1/a@1. Estimation of the kernel o
the integral equation~6! in a manner similar to what wa
done in Sec. III gives the following approximation for E
~6!:

d2Ey

dj2 1k2Ey5
AC

aAp

T'2Ti

Ti
E

j

` ]Ey

]j8
ej8dj8, ~14!

whereC is a numeric constant of the order unity.
The solution of Eq.~14! is again a generalized hyperge

metric function. The condition of a negligible electric field
the bulk of the target gives the relation between amplitude
th
e

n
ld

an
se

b
al
o

th
m
ef
m
ti

0

C
.
.

r

f

the incident and reflected waves. As a result, the reflec
coefficient is

R'e23pkS AC

Apa

T'2Ti

Ti
D 3ik

'123pk13ik ln
AC

Apa

T'2Ti

Ti
, T'.Ti . ~15!

In the opposite case of (T'2Ti)/aTi!1, the anisotropic
correction to the absorption coefficient can be estimated w
perturbation theory:
Dh5
A~T'2Ti!

ApkaTi

•

*2`
1`dj*j

`dj8Im
]Ey

]j8
Re Ey~j!erfc~Aj82j!exp~2j82j!

@Re Ey~j52`!#2 , ~16!
s
t
r

e
b-

h-
ge

m-
ab-
the
as

an
whereEy is determined by Eq.~14!. Estimations for the sign
of Dh give Dh.0 for T'.Ti , andDh,0 for T',Ti .

Thus, in the limit of great anisotropy,T'.Ti , the absorp-
tion coefficient increases by a factor of three@in the case of
weak anisotropy, calculated from Eq.~16!, the difference in
absorption is not so much; see the solid line in Fig. 2~b!#. If
T',Ti , the corresponding analysis gives a decrease of
absorption coefficient as compared with the isotropic cas

V. CONCLUSIONS

In the present work, we have derived an integrodiffere
tial equation for the calculation of the electromagnetic fie
in a plasma, taking into account temperature anisotropy
one-dimensional spatial inhomogeneity. In the limiting ca
of normal and anomalous skin effects, the equation can
simplified. This allows one to find its solutions in analytic
form. A new feature of our calculations is the accounting
the magnetic field of the wave in the kinetic equations. In
case of an anisotropic electron distribution function, the i
portant effect is the increase of the laser absorption co
cienth for increasing transverse to longitudinal electron te
perature ratios. The functional dependence of the absorp
coefficient h(L) with the electron density gradientL sub-
stantially depends on the regime of the skin effect~a!1 for
the ASE, anda@1 for the SIB!. If a!1, then with increas-
ing of L, the absorption varies in the following way. For
,L, l s h is determined by expression~5! for the sharp
e
.

-

d
s
e

f
e
-
fi-
-
on

boundary. Forl s,L,vT /v, the absorption grows linearly
with increasingL, so thath'2pv(L1 l s)/c in these two
ranges of scale lengths. ForL'vT /v, absorption reaches it
maximum. Moreover, whena.1, the anomalous skin effec
is replaced by the SIB~the integrodifferential equation fo
the field is reduced to an ordinary differential one!. In this
case,h decreases with increase ofL according to Eq.~10!.
Thus, for theS-polarized electromagnetic wave in the regim
of the anomalous skin effect, there is the maximum of a
sorption at the scales of inhomogeneityL of the order of
magnitude of the scale of spatial dispersionvT /v. If a@1,
then at L'0 we are already in the regime of the hig
frequency normal skin effect. In this case, in the ran
0,L,c/vp , absorption is determined by Eq.~5! for a sharp
boundary, and atc/vp,L by expression~10!, i.e., it de-
creases with increasingL. If we optimize the absorption with
respect to parametera and the scale lengthL, then it is
obvious that the maximum will be ata51 andvL/vT'1.
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